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Annotatsiya. Ushbu maqolada integral tengsizliklar va ularning talabalar
olimpiadalaridagi qo ‘llanilishiga bag ‘ishlangan keng ko ‘lamli tahlillar beriladi. Integral
tengsizliklar matematik analizning muhim gismi bo ‘lib, ular murakkab funksiyalar va ularning
integrallari o ‘rtasidagi bog ‘lanishlarni o‘rganishda foydalaniladi. Olimpiada masalalarida
integral tengsizliklar yordamida yuqori darajadagi matematik murakkabliklarni yechish
ko ‘nikmasini shakllantirish muhim ahamiyatga ega.

Magolada talabalar olimpiadalarida tez-tez uchraydigan integral tengsizlik turlari va
ularning yondashuv usullari keng yoritiladi. Aynigsa, Gyolder tengsizligi, Chebishev tengsizligi
va Koshi-Shvarts tengsizligi kabi mashhur integral tengsizliklar misollar asosida tushuntiriladi.
Bu tengsizliklar yordamida olimpiada masalalarini yechish strategiyalarini chuqur tahlil qgilish,
talabalar uchun masalalarni samarali hal gilish va matematik fikrlashni rivojlantirishda katta
rol o'ynaydi.

Shuningdek, magolada integral tengsizliklarni yechish jarayonida foydalaniladigan
usullar — limitlar, hosilalar va integrallarni go'llash orgali natijalarni baholash texnikalari —
batafsil yoritiladi. Talabalar olimpiadalarida yuqori natijalarga erishish uchun matematik
analizdagi tengsizliklar va ularning optimal yechimlari hagida chuqur tushuncha beriladi. Har
bir integral tengsizlik bo ‘yicha keltirilgan misollar nafaqat nazariy bilimlarni mustahkamlashga,
balki amaliyotda qo ‘llash ko ‘nikmalarini shakllantirishga ham yordam beradi.

Magola olimpiadaga tayyorgarlik ko'rayotgan talabalar uchun foydali go'llanma bo'lib,
ularni murakkab masalalar bilan ishlash, ularga kreativ yondashish va matematik fikrlash
gobiliyatlarini oshirishga undaydi. Shu bilan birga, olimpiadalarda muvaffagiyatli ishtirok etish
uchun integral tengsizliklarning nazariy va amaliy ahamiyati batafsil ochib beriladi.

Ushbu maqolada integral tengsizliklarni olimpiada masalalariga tatbiglari bayon
etilgan.

Kalit sozlar: uzluksizligi, integrallanuvchiligi, monotonligi, differensiallanuvchiligi,

Koshi-Shvarts, Gyolder, Chebeshev tengsizliklari.
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INTEGRAL INEQUALITIES AND THEIR APPLICATIONS TO OLYMPIAD
PROBLEMS

Abstract. This article provides a comprehensive analysis of integral inequalities and their
applications in student olympiads. Integral inequalities are a key part of mathematical analysis
and are used to study the relationships between complex functions and their integrals.
Developing the skill of solving high-level mathematical complexities through integral
inequalities is crucial in olympiad problems.

The article extensively covers the types of integral inequalities that frequently appear in
student olympiads and the methods of approaching them. Notably, well-known integral
inequalities such as Holder's inequality, Chebyshev's inequality, and Cauchy-Schwarz inequality
are explained with examples. These inequalities play a significant role in deepening the analysis
of problem-solving strategies and enhancing students' ability to solve problems effectively while
improving mathematical thinking.

Furthermore, the article elaborates on the techniques used in solving integral
inequalities, such as limits, derivatives, and integrals, which help in estimating results. A deep
understanding of these inequalities and their optimal solutions in mathematical analysis is
crucial for achieving high results in student olympiads. The examples provided for each integral
inequality not only reinforce theoretical knowledge but also aid in developing practical
application skills.

This article serves as a useful guide for students preparing for olympiads, encouraging
them to work on complex problems, approach them creatively, and enhance their mathematical
reasoning skills. In addition, it thoroughly explains the theoretical and practical significance of
integral inequalities for successful participation in olympiads.

The applications of integral inequalities to olympiad problems are presented in this
article.

Keywords: continuity, integrability, monotonicity, differentiability, Cauchy-Schwarz,
Gyolder, Chebeshev inequalities.

HUHTET'PAJIBHBIE HEPABEHCTBA U UX ITPUJIOKEHUSA K OJIUMITINA IHBIM
3AJAYAM

Almomauuﬂ. B cmamwe daemcs komniexcHoulil anaius UHMESPAIbHbIX HEPABEHCNE U UX
NPpUMEHEHUs 6 cmy()eHueCKux ONUMNUAOAX. HHmeepaanbze HepaeeHcmeda A6IAIMCA BAIICHOU
uacmosio mamemamudecKkoco aHajauza U Ucnojlb3yromcs onsa U3y4eHus 83aUMOCes3ell M&’)fC()y
CIIOHCHbIMU d)yHKL]u}ZMu u ux uHmezcpajiamu. Baowcno paseueams ymMeHue peuiams CHOHCHble
mamemamudeckue 3a0a4yu ¢ UCNOAb306AHUEM UHMESPAIbHbIX HEepABEHCNE 6 ONIUMNUAOHBIX

3a0ayax.
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B cmamve Oaemcsa kommnnexcuwili 0030p Munoé UHMeZPAIbHbIX HEPABEHCME, YACO
BCMPEYAIOWUXCA HA CMYOEHYeCKUX OIUMARUAOAx, U Memooos ux peutenus. B uacmumocmu, na
npumepax O00BACHAIOMCA MAaKue U3geCmHvle UHMe2PAlbHble HEepPaseHCmed, KAK HepaseHCmeEo
T'énvoepa, nepasencmeo UYebviuesa u nepasencmeo Koww-Illeapya. Omom yenyoOnenwwiil
aHanuz cmpameauil peulenus OIUMAUAOHBIX 3A0ay C UCNOIb308AHUEM HEPABEHCME Uucpaem
8ACHYIO POJIb 8 IPPeKmusHoM peuwteHuu 3a0ay OJisl Y4awuxcsa U pazeumun Mamemamuiecko2o
MBIUTCHUS.

B cmamve maxoice noopobno paccmampusaromes memoosblt, UCNOIb3YeMble 8 npoyecce
peulenus UHMezpailbHblX HEPABeHCME — NpuemMbvl OYEeHKU Pe3yibmamos ¢ NOMOUWbI0 npeoesios,
NPOU3BOOHBIX U UHMe2Panos. s O00CMUdICeHUs 6blCOKUX pe3VIbMmamos Ha CMYOeHYecKUux
OUMNUAOAX HE0OXO0OUMO 27YOOKOe NOHUMAHUE HEePABeHCME MAMeMamuiecKko20 aHaiu3a u ux
onmumanvusix peutenull. llpueedennvie npumepsvl K KAHCOOMY UHMESPATbHOMY HEpa8eHCm8Y
nomo2aom He MOJbKO 3AKpenums meopemudeckue 3HAHUS, HO U pA36Umb HABLIKU UX
NPAKMUYECKO20 NPUMEHEHUS.

Cmamvs a615emcs NOnesHblM nocoobuem OJisl Y4auwjuxcsl, 20MmoGAWuUxca K OauUMnuaoe,
nobysicoas ux pabomams €O CIOJHCHLIMU 3A0auaMiu, NOOX0OUMb K HUM MBOpPYECKU U
COBEPULEHCNBO8AMb HABLIKU MAMeMamuiecko2o mvlulienus. Ilpu smom noopobHo noschsaemcs
meopemuyeckoe U NPAKMU4ecKkoe 3HAYeHue UHMeSPAlbHbIX HepaBeHCms Ol YCHeuHo20
yuacmus 8 OIUMAUAOAX.

B cmamve onucwvigaromcs npunosicenuss uHmepanibHulX HEPaseHCcme K ONUMHUAOHBIM
3a0auanm.

Knrouesuvie cnoea: HenpepvleHOCHIb, UHmMezpupyemocno, MOHOMOHHOCMY,

oughghepenyupyemocms, nepasencmea Kowu-Illsapya, I'énvoepa, Yebewesa.

Koshi-Shvarts tengsizligi: f va g funksiyalar (a,b) oraligda kvadrati bilan
integrallanuvchi funksiyalar bo‘lsin. U holda quyidagi tengsizlik o‘rinli:

b 2 b b
( f f(x)g(x}dx) z( f fzix}dx)( f g%x}dx)

1-misol:  f:[0,1] — R uzluksiz funksiya bo‘lsin. U holda quyidagi tengsizlikni

isbotlang.

1 2 1
(f f(x)dx) Ef f2(x)dx
0 0

Yechim: Koshi-Shvarts tengsizligiga asoslangan holda:

b 2 b b
( f f(x}g(x)dx) s( j fzix}dx)( j g%x}dx)
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a=20 b=1 flx)=f(x) gx)=1 deb olsak

(Llf(x) . 1dx)2 = (Llfz(x) dx) (Lll2 dx)
(Llf(x)dx)z < (Llfz(x) dx)

Yugorida berilgan tengsizlik isbotlandi. (1-158-bet)
2-misol:  f:[0,1] — R uzluksiz funksiya bo‘Isin, fﬂlf(x)dx =1va fﬂl xf(x)dx =1
bo‘lsa, quyidagi tengsizlikni isbotlang:

1

j fi(x)dx=4
4]

Yechim:

b b b
( f fz(x)dx)( f 92(x)dx)z( f f(x)g(x)dx)

2

b
glx)=ax+b (j f(x)g(x)dx) =(a+b)? =16

2

f)~g(x)
1
f(ax—l—b)dle E+b:1
0 2 a==06
1 = Ya b . :}{bz—z
Lx(ax—i—b)dx:l 3+2

1 1
f (6x — 2)%dx = f (362 —24x +4)dx =4
0 0
1
4-J' f2(x)dx = 16
0

1
j fP(x)dx =4
0
Isbotlandi.
Gyolder tengsizligi: f va g funksiyalar (a,b) oraligda integrallanuvchi funksiyalar
bo‘lsin va p, g = 1 uchun $+$ = 1 shart bajarilsa, quyidagi tengsizlik o‘rinli:

1

b b % b a
( f If(x)g(x)ldx)ii( f If(x)l"dx) ( f |g(x)|@dx)

1-misol: f(x) funksiya (0,1)da musbat uzluksiz funksiya bo’lsa. Quyidagini ifodani
maksimal giymatini toping:
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(ﬁ;f(X)dx)a
J2 F3G0dx

Yechim: Gyolder tengsizligi orqali
1

b b % b a
( f If(x)g(x)ldx)ii( f If(x)l"dx) ( f |g(x)|@dx)

+-=1

o=
= | =

p,qg>1

1

3 3 3 3 3 §
-1d 3d 1z d =33 3d
(fn ) x) U IF)l x) (fn ; x) 3(L F Gl x)
(J' f(x)dx){i 33( |f(x)|3dx)

(,ru f(x)dx) 2

-
7= 33

(JZ1fCordx )

Wl

Javob: Bundan ko‘rinib turibdiki, yuqoridagi ifodaning maksimal giymati 33 ga teng. (1-
158-bet)

2-misol: f:[0,1] — [0, ) integrallanuvchi funksiya bo‘lsa, quyidagi tengsizlikni
isbotlang:

fn ' Fldx fu F200dx = fu Fi0dx

Yechim:

jlf(x)dlefz(x)dx ‘ﬂ_ijlf3(x)dleldx
0 0 0 0

Gyolder tengsizligiga ko‘ra:
1

i b % b E
( f If(x)g(x)ldx)i( f If(x)lpdx) ( f |g(x)|qu)

11
=1 - —-=1
p.q p+q

1 2
1 3 1 3 1
p=3 q:% (fn f3(x)dx)3( 1%dx)3zjuf(x)dx2(]

2 1
3 3 3 :
= g= 2d Fd > 2(x)dx=0
P=3 U (F2(0))? x)( X) }Lf(x)x}
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Hosil bo‘lgan tengS|zI|kIarn| ko‘paytirib yuboramiz va quyidagi natijaga ega bo‘lamiz:

fﬂ Fods j Frodx = f F30dx

Gyolder tengsizligi orgali isbotlandi.
Chebeshev tengsizligi: f va g funksiyalar R da monoton funksiyalar bo‘lsin va barcha

haqiqiy a, b sonlar uchun a < b shart bajarilsa, quyidagi tengsizlik o’rinli:

b b b
® - a) ( f f(x)g(x)dx)z( f f(x)dx)( j g(x)dx)

1-misol: Barcha x,y (x > y) hagigiy musbat sonlar va m, n butun musbat sonlar uchun
quyidagi tengsizlikni isbotlang:

(m—1)(n— D™+ ™) 4 (m+n — DMy +x"y™) = mu(x™ M1y 4 ymin-ly)
Yechim:

(m—1Dn— D™+ ™) L (m+n— DMy +x"y™) = mu(x™ly + yMin-ly)
mn(x —y) (™ =y > (mn - D" -y (" - y™)

xm+n—1 _ ym+n—1 - K _ j-’m - X — j-’n

m+n—1D(x—y)  mx-—y) n(x—y)

x x x
[:x _ }’) j I.'m+n_2dt = j Im_ldt . j In_ldt
v

¥ ¥

f)=t"" glx) ="

b b b
®—a) ( j f(x)g(x)dx)z( j f(x)dx)( j g(x)dx)

Chebeshev tengsizligiga ko‘ra isbotlandi. (1-159-bet)
2-misol:f:[0,1] — (0, 4+o0) kamayuvchi funksiya bo’lsa, quyidagi tengsizlikni isbotlang:

1 1 1 1
2(x)d dx = d 2(x)d
fo ) fo(x) x-:ju f () fo(x) X

Yechim: ¥x,y haqgigiy sonlar uchun quyidagi tengsizlik o‘rinli:
F)-fONE-y)=0
Tengsizlikni ikkala tomoni ham f(x)f(y) ga ko’paytirib yuboramiz, f musbat
aniglanganligi uchun tengsizlik ishorasi o‘zgarmaydi:

fFOfIFE) - fNE—-y) =0

Hosil bo‘lgan tengsizlikni integrallab yuboramiz:

b b
j j FEFD(FG) — FO3))(x — ) dxdy = 0

b b
j j G20 + YFEOF2) — yF2G0F () —xf()F2() dxdy < 0
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| @) f o)y + f 2 dy f ) dx —

a

_Lbyf@)dyLbfz(X)dx—jbxf(x)dxj:fz(y)dy <0

a

2 f 0 f Cfordy—2 f )y f redr=0

| e fr @ f oy = f )y f 2

a

Hosil bo‘lgan tengsizlikni quyidagi ko‘rinishda ifodalab olamiz va yuqorida berilgan
tengsizlikni hosil gilamiz:

a=0 b=1 y=x fO)=f@)
1 1 1 1
2 d dy = d 2(x)d
fﬂxf ) xfﬂf(x) y*ffnxf(x) yfﬂf (0)dx

Isbotlandi.
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